Weakly nonlinear finite amplitude analysis is used to analyze the bifurcation and instability of parallel flow induced by an external pressure gradient and buoyancy force in a linearly heated vertical channel filled with fluid saturated high permeable porous medium. It is an extension of the recent article of Sharma et al [1] where form drag coefficient (c F ) is independent of Reynold's number (Re). However, in most of the studies to reduce the number of parameter c F is treated as inversely proportional to Re. In the present article a comparative study is made to understand the bifurcation and instability of above flow under above two situations.
Introduction
It is well known in the literature [2] [3] [4] [5] [6] [7] [8] that a steady and parallel flow may exist in a vertical channel bounded by impermeable and isothermal parallel planes kept at different temperatures or have symmetric linear temperature variation. The flow may be due to the action of buoyancy force which in turn causes natural convection, or may be due to the action of both buoyancy force as well as constant pressure gradient along the vertical direction resulting in mixed convection. The former flow is defined by parallel natural convective flow which takes place with zero vertical mass flow rate, whereas the latter one is defined by parallel mixed convective flow (PMCF) which is endowed with non-zero vertical mass flow rate. These types of flow may be configured, with different features, either for a fluid filling the channel or for a fluidsaturated porous slab/channel [9] . A good number of articles ( [7] and articles therein) that focus on the PMCF in fluid-saturated porous channel. In general, volume averaged Navier-Stokes (VANS) equation, derived by Whitaker [10] ,is used to study the PMCF in vertical channel/annulus filled with porous medium. In most of the studies, it is assumed that form drag coefficient, c F , is inversely proportional to Reynold's number. This reduces the number of parameters. Let us call the study based on the above hypothesis as study of Case I type. Recently, Sharma et al [1] , while studying the finite amplitude analysis of PMCF in a vertical channel filled with a highly permeable porous medium, have treated c F as a constant to find the instability boundary in (Re, Ra)-plane. They have found that based on the value of c F as well as Darcy's number the PMCF of air may have subcritical bifurcation, however when air is replaced by water the same have only supercritical bifurcation. Their analysis also predicts the possible lower critical value of Ra in the linearly stable region. Let us call the study, where c F is independent of Re, as study of Case II type. In the present article a step has been taken for a comparative study on the impact of nonlinear interaction of different harmonics on flow bifurcation phenomena for above two cases.
Mathematical Formulation
The flow investigated in this article is a pressure driven non-isothermal stably stratified flow in a vertical channel filled with a highly permeable porous medium (see Fig. 1 ). The medium is assumed to be homogeneous and isotropic in permeability. The convective flow through porous medium is governed by non-Darcy VANS equation. The thermo-physical properties of the fluid are assumed constant except for density dependency of the buoyancy term in the momentum equation. Since present study is a simple extension of the work of Sharma et al [1] therefore the governing equations will be remain same. We shall write down only that set of equation which are essential to understand our some new findings. The non-dimensionalized space coordinates (x * , y * , z * ), dependent variables (v * , θ , P * ) and time t * are calculated after scaling the dimensional variables as follows:
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where, v * = (u * , v * , w * ), θ , P * and t * are the dimensionless Darcy velocity vector, temperature, pressure and time, respectively. Furthermore, V 0 is dimensional average basic velocity and ρ f is fluid density. The dimensionless governing equations for continuity, momentum and energy, after dropping asterisks, can be written as
The dimensionless parameters appearing in the problem are Rayleigh number (Ra), Reynolds number (Re), Prandtl number (Pr), Darcy number (Da), Forchheimer number (F) and viscosity ratio (λ ). They are defined as
where, k is the thermal diffusivity, ν is the kinematic viscosity, β T is the thermal expansion coefficient, ε is the porosity of the medium, c F is the form drag coefficient, K is the permeability of the porous medium, g is gravitational acceleration, µ is the effective viscosity, µ f is the fluid viscosity and e y is the unit vector in y-direction. In equation (4), σ denotes the ratio of the volumetric heat capacities of medium and fluid.
Review of Linear stability analysis
The linear stability analysis of the present problem for afore mentioned cases are separately shown in literature which are already mention in the introduction section. Here, a comparative study will be made which will also give a hint for possible change in the bifurcation phenomena under weakly non-linear stability analysis. In the present study two fluids air (Pr = 0.7) and water (Pr = 7) are also chosen, and the porosity, viscosity ratio and heat capacity ratio are kept constant at 0.9, 1 and 1, respectively. Three different values (10 −2 , 10 −3 and 10 −4 ) of Da are taken to examine the present problem. In the present study for a comparison point of view both the cases: (I) when c F is inversely proportional to Re and (II) when c F is constant, are considered. For case (I) F ′ = FRe is fixed at 100, whereas, for case (II) three different values: 0.0006, 0.006, 0.06 of c F are considered. Justification behind such consideration of such values of c F is mentioned in [1] .
We revisit as well as present the linear stability results for air (Pr = 0.7) and water (Pr = 7) in (Re, Ra)-plane. The linear stability boundaries for F ′ equal to 100, as well as for three values 0.0006, 0.006 and 0.06 of c F are plotted in figures 2(a), 2(b), 2(c) and 2(d), respectively. For case (I) any of the considered values of Da, the critical value of Rayleigh number decreases with increasing Reynolds number and approaches a constant value beyond a threshold value of Re, which is true for air as well as water. However, for second case the scenario is different. Here, in general, based on the value of c F , Pr, as well as Da the instability boundary curve first decreases on increasing the value of Re and may reach to a minimum value of Re above which, the curve will have an increasing characteristic. This may continue further certain range of Re and beyond that it may asymptotically converge to a constant. For example, when Pr = 0.7 and c F = 6 × 10 −3 , our numerical data set reveals that the minimum values of Re are 800, 5352, and 19000 corresponding to Da = 10 −2 , 10 −3 and 10 −4 , respectively. Similarly, when Pr = 7, the same corresponding to above Da becomes 400, 2000 and 11000, respectively. The typical decreasing characteristic of the instability curve up to a minimum value of Re is clearly explained in [4] . As Re is increased further, the induced form drag may take a dominant role and results in increased critical heating condition. As compared to the PMCF of air, the same of water is much more unstable. The instability boundaries show a more stable flow with decreasing media permeability. Apart from these, the induced form drag in the system delays the instability of the flow.
The disturbance kinetic energy (KE) balance corresponding to a neutral stability curve also provides some insight on the transport mechanisms during the flow instability. The mathematical details of the balance of KE can be seen in the paper by [4] . The different energy terms of the KE balance for Case I are shown in figure 3 (a), and 3(b) . As can be seen from the figure 3(a) and and 3(b) that based on the media permeability the type of instability may be buoyant, mixed, and shear. Here, the type of instability is defined on the basis of contribution of energy production (or, destruction) by shear term (E s ) and buoyant term (E b ). If, in the energy balance, the contribution of E s (E b ) is more than or equal to 75% then the type of instability is defined as shear (buoyant) else it is defined as mixed. Here the mixed mode of instability is defined as 25 − 75% contribution in the total KE production by both buoyant and convective terms. The kinetic energy production for Da = 10 −2 , when fluid is air (water), shows three different types of instability: buoyant for Re ≤ 1850 ( Re ≤ 5500 ), mixed for 1850 < Re ≤ 6500 ( 5500 < Re ≤ 6500) and shear instability for Re > 6500 (Re > 6500). Similarly for Da = 10 −3 , it shows two types of instability: buoyant for Re ≤ 7000 and mixed for Re > 7000 in case of air, whereas for water it is only buoyant type. For air as well as water, when Da = 10 −4 , KE production due to buoyant term remains prominent in the entire range of Re considered in this study, consequently buoyant instability is the only type of instability. Note that for Da equal to 10 −3 and 10 −4 KE production or destruction is mainly balanced by dissipation of KE due to surface drag (E D ). However, for Da = 10 −2 it is different. Here, dissipation of KE is made through E D as well as E F . For Case II, it has been reported in [1] that for Da = 10 −2 in general the mode of instability is of mixed type. However, for all other considered values of Da it is of the type of buoyant, and energy production due to buoyant term is balanced by dissipation of KE through surface as well as form drag. Except for a small range of Re which is a function of Da dissipation through form drag plays major role in balancing the KE in the entire considered range of Re. On replacing air by water, the above results remain valid except for Da = 10 −4 where dissipation through surface drag plays dominant role in KE balance.
Non-linear finite amplitude analysis
The overview of linear stability results provides some suggestions regarding development of the disturbance. However, it can not provide any information about the amplitude of such disturbances and quantitative information about a disturbed flow. The occurrence of instability in a flow may lead to the replacement of the original laminar flow by a new laminar flow due to the superimposition of finite disturbances. To study the nonlinear dynamic behavior we must take into account the nonlinear interactions between the various wave components (for details see [1] ). It is to be noted that there are different versions of weakly nonlinear theories that differ in the choice of a small parameter. For example, [11] in his weakly nonlinear Prague, February 20-22, 2019 _______________________________________________________________________ 12 theory used the imaginary part of the eigenvalue (c i ) as a small parameter, whereas, in the theories of [12] and [13] the respective small values were the amplitude of the disturbance (A) and the distance from the neutral curve (∆ = Re − Re c ). On the other hand, [14] have demonstrated the existence of physical relationships among these parameters. In non-isothermal flow, however, they have pointed out that the expansion in ∆ = Ra − Ra c breaks down quickly because of the presence of branch-point type singularities in the perturbation series that links c i and ∆, and the expansion in terms of c i is more convenient. The expansion in [14] represents a small modification to that of [11] . In that the terms involving the difference between the basic-state velocity and the complex disturbance wave speed is considered to be of the order of one, whereas, in Stuart's original expansion the difference between the basic-state velocity and the real part of the disturbance wave speed is considered of order one. So, in the present article the amplitude expansions are given based on the analysis of [11] and [14] .
With the help of the equations correspond to different order harmonics, we can drive the cubic Landau equation [6] ,
where a 1 is called the first Landau constant. In bifurcation theory, a field within mathematics, a pitchfork bifurcation is a particular type of local bifurcation where the system moves from one fixed point to three fixed points. This is closely tied to the concept of equilibrium amplitude (i.e., the finite amplitude equilibrium solution) and the real part of Landau coefficient as shown below. On substituting A = c
1/2
i B and τ = c i t in Landau equation (5), the form of modified Landau equation becomes
where, (a 1 ) r is the real part of a 1 . The solution, |A|, of (6) is said to be an equilibrium amplitude (A e ) provided it satisfies the stationary condition
Accordingly, there are three possible equilibrium amplitudes which are given by
Note that A e = 0, which corresponds to steady basic flow, is stable for Ra < Ra(critical) and unstable for Ra > Ra(critical). As it has been discussed in [1] that when αc i and (a 1 ) r are of the opposite sign existence of finite amplitude solution is guaranteed. So, there are two such possible situations: first, growth rate is positive and real part of Landau constant is negative, second, growth rate is negative and real part of Landau constant is positive. First situation leads to supercritical pitchfork bifurcation (hereafter, supercritical bifurcation), whereas, the second one leads to subcritical pitchfork bifurcation (hereafter, subcritical bifurcation). For positive growth rates, the nonlinear stationary solution of equation (6) is called equilibrium amplitude. However, for negative growth rates the nonlinear stationary solution is referred as threshold amplitude, since the latter finite amplitude solution is in fact unstable.
Results and Discussions
In this section, we carry out a finite amplitude instability analysis of stably stratified PMCF in a vertical channel filled with a fluid saturated porous medium. The cubic Landau equation (5) derived in terms of the amplitude function is used to identify the supercritical/subcritical bifurcation.
Landau constant in the vicinity of the bifurcation point
The Landau constant is calculated at δ Ra = Ra/Ra c − 1 = 0 and at δ Ra = 0.01 (i.e., in the vicinity of the critical Rayleigh number) with respect to the most unstable linear wave (with critical wavenumber (α c )) for both values 0.7 and 7 of Pr. In the following, to identify the nature of bifurcation the real part of the Landau constant ((a 1 ) r ) as a function of Re is plotted at δ Ra = 0.01 (i.e. linearly unstable region, where growth rate αc i > 0) for Case I as well as Case II as defined in §1. Note that our numerical experiments also reveal the almost same characteristic of the profile of (a 1 ) r in (Re, a 1 ) r )-plane at δ Ra = −0.01. (i.e., profile remains same even in linearly stable region, where growth rate αc i < 0). The variation of (a 1 ) r when the porous medium is saturated by air is shown in figures 4(a), 4(b), and 4(c) for Da equal to 10 −2 , 10 −3 and 10 −4 , respectively. The sign of (a 1 ) r is found to be negative for Da = 10 −2 with c F = 0.0006 as well as 0.06, indicating the supercritical bifurcation (see figure 4(a) ). The graph also shows supercritical bifurcation of PMCF when F ′ = 100 except in a small region 1990 < Re < 2100 (positive value of (a 1 ) r with very small magnitude) where the bifurcation is subcritical. However, on replacing the value 0. Since the decrease in media permeability or increase in form drag in general stabilizes the flow (see figure 2 ), therefore to achieve a change of bifurcation in PMCF in a porous medium in which permeability is relatively low or induced form drag is relatively high a relatively higher disturbance shear production is required.
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The corresponding equilibrium amplitude (A e ) or threshold amplitude (A t ) for Da equal to 10 −2 , 10 −3 and 10 −4 , are displayed in figures 5(d), 5(e) and 5(f), respectively. Since, the graph of not defined and variation of growth rate in the vicinity of Re sb is almost constant (Figure is not shown here) . Therefore, above impulsive nature of the amplitude in the vicinity of Re sb may be the consequence of very small value of (a 1 ) r , and A e or A t is inversely proportional to the square root of (a 1 ) r . The unpredictable jump in the amplitude profile shows a complex phenomena in the flow instability. More about the possible justification of this unpredictable jump will be discussed later in this section.
To show the variation of (a 1 ) r as a function of Re, when the porous medium is saturated by water, figures 5(a), 5(b) and 5(c) are drawn for Da equal to 10 −2 , 10 −3 and 10 −4 , respectively. All these figures show only supercritical bifurcation. The corresponding amplitude profiles shown in figures 5(d), 5(e) and 5(f) respectively vary smoothly for all Da as well as c F . Therefore, in the rest of this subsection we shall be restricted to only air saturated porous medium.
Conclusions
We have analyzed the bifurcation of stably stratified parallel mixed convective flow (PMCF) in a linearly heated vertical channel filled with incompressible fluid saturated porous medium using weakly nonlinear finite amplitude analysis. Two cases: (i) c F is inversely proportional to Re and (ii) c F is independent of Re are considered. A comparative study in terms of bifurcation and instability of PMCF or air as well as water have been made. From this study following concluding remarks can be made. It has been found that for former case, the critical value of Rayleigh number decreases with increasing Reynolds number and approaches a constant value beyond a threshold value of Re. However for latter case, Ra c first decreases on increasing the value of Re and may reach to a minimum value of Re above which, the curve will have an increasing characteristic. This may continue for further certain range of Re and beyond that it may asymptotically converge to a constant. Depending on the flow strength as well as media permeability, the weakly nonlinear analysis predicts both supercritical and subcritical bifurcations for air and only supercritical bifurcation for water. Fixing F ′ at a constant value i.e. in Case I the subcritical bifurcation under Case II may shift to supercritical bifurcation. In the case of air, an increase in form drag coefficient or decrease in media permeability delays the shifting of bifurcation from supercritical to subcritical or vice versa in Reynolds number TOPICAL PROBLEMS OF FLUID MECHANICS 15 _______________________________________________________________________ space. In general, compared to subcritical bifurcation, the supercritical bifurcation occurs at relatively lower values of Re. The amplitude profile shows a peak, due to change in sign of (a 1 ) r , at the Reynolds number where the shift in bifurcation from supercritical to subcritical takes place.
